Power-free values of polynomials and integer points on irrational curves par H. A. HELFGOTT Résumé. Soit f ∈ Z[x] un polynôme de degré r ≥ 3 sans racines de multiplicité r ou (r − 1). Supposons que f (x) ≡ 0 mod p r−1 admette une solution dans (Z/p r−1 ) * pour tout p. Erdős a conjecturé que f (p) est donc sans facteurs puissances (r − 1)ièmes pour un nombre infini de premiers p. On prouve cela pour toutes les fonctions f dont une racine génère le corps de décomposition, et egalement pour d'autres fonctions.
Introduction
Let f ∈ Z[x] be a polynomial of degree r ≥ 3 without roots of multiplicity (r−1) or greater. Erdős [4] proved that, if f (x) ≡ 0 mod p r−1 has a solution in Z/p r−1 for every p, there are infinitely many integers n such that f (n) is free of (r − 1)th powers. (An integer m is said to be free of kth powers if there is no integer d > 1 such that d k |m. ) Erdős also conjectured that, if f (x) ≡ 0 mod p r−1 has a solution in (Z/p r−1 ) * for every p, there are infinitely many primes q such that f (q) is free of (r − 1)th powers. This conjecture was proved for r ≥ 7 by Nair [15] . It has remained otherwise open.
Main Theorem. Let f ∈ Z[x] be a polynomial of degree r ≥ 3 without roots of multiplicity r or (r − 1). If f is irreducible as an element of Q[x], assume that
where G is the Galois group of the splitting field of f over Q, #G is the cardinality of G, and λ(g) is the number of roots of f (x) = 0 left fixed by a map g ∈ G.
(If f is reducible, do not assume any additional hypotheses.) Then the number of primes p from 1 to N such that f (p) is free of (r −1)-th powers asymptotes to
where ρ 0 (p r−1 ) stands for the number of solutions to f (x) ≡ 0 mod p r−1 in (Z/p r−1 ) * . In particular, if ρ 0 (p r−1 ) = p r−1 − p r−2 for every p ≤ r + 1, there are infinitely many primes p such that f (p) is free of (r−1)-th powers.
The condition (1.1) is fulfilled for any normal polynomial, i.e., any polynomial f a root of which generates its splitting field. This includes every f whose Galois group is abelian, and, in particular, any cubic f whose Galois group is cyclic. It is possible for an f no root of which generates its splitting field to satisfy (1.1): take any sextic f with Gal(f ) = D 6 , for example.
Notice, lastly, that it is not hard to give asymptotic expressions such as (1.2) for the number of primes p ≤ N such that f (p) is free of sth powers, where f and s are such that s ≥ deg(f ) ≥ 2. This is a well-known fact; in the case s = 2, the methods of [5] carry over. It is possible, though excessive, to proceed as in the end of the proof of Prop. 6.1.
The author would like to thank Alina Cojocaru, E. V. Flynn and Christopher Hall for their patient assistance. Certain fairly general statements on integer points on curves will be proven below; in some sense, §2 may be seen as one more station in the train of thought initiated in [8] and continued in [9] .
2. Notation 2.1. Primes. By p (or q, or q 1 , or q 2 ) we shall always mean a prime. We write ω(n) for the number of prime divisors of an integer n, and π(N ) for the number of primes from 1 up to N .
Number fields.
Let K be a number field. We write K for the algebraic closure of K. Given a place v of K, we write K v for the completion of K at v, and we define
, where w is the place of Q lying under v.
If p is a prime ideal of K, we denote the place corresponding to v by v p . Given x ∈ K * , we define v p (x) to be the largest integer n such that x ∈ p n .
Power-free values of polynomials and integer points on irrational curves 3 Define absolute values | · | p on Q by |x| vp = p −v(x) . If v is a place of K, and w is the place of Q under it, then | · | v is defined to be the absolute value corresponding to v and restricting to w.
Given a positive integer m and a conjugacy class g in Gal(K/Q), we write ω g (n) for p|n, p unramified, Frobp= g 1, where Frob p denotes the Frobenius element of p in K/Q.
Curves.
As is usual, we denote local heights with respect to a divisor D by λ D,v , and the global height by h D .
2.4. Functions. We will write exp(x) for e x . We define li(N ) = N 2 dx ln x .
Repulsion among integer points on curves
Consider a complete non-singular curve C of genus g ≥ 1 over a number field K. Embed C in its Jacobian J by means of the map P → Cl(P )−(P 0 ), where P 0 is a fixed arbitrary point on C. Let ·, · : J(K) × J(K) → R, | · | : J(K) → R be the inner product and norm induced by the canonical height corresponding to the theta divisor θ ∈ Div(J). We will denote by ∆ the diagonal divisor on C × C.
Proposition 3.1. Let K be a number field. We are given a complete nonsingular curve C of genus g ≥ 1 with an embedding P → Cl(P ) − (P 0 ) into its Jacobian J(C). Let R be a fixed point on C, and let S , P be any disjoint sets of places of K. Let L/K be an extension of degree s; write S L , P L for the sets of places of L above S and P, respectively. Then, for any two distinct points P, Q ∈ C(L) integral with respect to R and S L ,
for every ǫ > 0, where
Proof. We may state Mumford's gap principle as follows:
(See, e.g., [13] , Thm. 5.11, or [10] , Prop. B.6.6
1 There is a factor of 1 2 missing before h C×C,∆ (P, Q) in [10] ; cf. [10] , top of p. 218. Note that, as [10] states, (3.3) is valid even for g = 1.
by [19] , Prop. 3.1(d). Now let w be any place of L not in S . If w is non-archimedean and C has good reduction at w, the height λ (R),w (P ) (resp. λ (R),w (Q)) is given by the intersection product (R · P ) (resp. (R · Q)) on the reduced curve C ⊗ F w ( [7] , (3.7)). Since P and Q are integral with respect to (R), both (R · P ) and (R · Q) are 0. Hence
Consider now the case where w is archimedean or C has bad reduction at w. Choose any rational function f on C whose zero divisor is a non-zero multiple of R. Since P and Q are integral, both f (P ) and f (Q) lie in the integer ring of L w . By functoriality ( [10] , Thm. B.8.1(c)) it follows that
Every place w of L that is archimedean or of bad reduction must lie above a place v of K that is archimedean or of bad reduction. Since there are only finitely many such v, and finitely many extensions of degree at most s of each of them, we conclude that
Now, again by an expression in terms of intersection products, λ ∆,w (P, Q) is non-negative at all non-archimedean places w where C has good reduction. By (3.2), (3.4), (3.5) and (3.6), it follows that (3.7)
By the argument in [10] , p. 217, we have |P
. The statement follows.
Counting points on curves
Lemma 4.1. Let A(n, θ) be the maximal number of points that can be arranged on the unit sphere of R n with angular separation no smaller than θ. Then, for ǫ > 0,
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When we speak of the rank of a curve over a field K, we mean, as is usual, the rank of the abelian group of K-rational points on its Jacobian.
be a polynomial of degree r ≥ 3 without repeated roots. Let p be a prime not dividing r. Let K/Q be a number field. Then, for any non-zero integer d, the curve
Proof. Let J be the Jacobian of C d . Let φ be the endomorphism 1 − τ of J, where τ is the map on J induced by the map (x, y) → (x, ζ p y) on C d . By [17] , Cor. 3.7 and Prop. 3.8,
By the proof of the weak Mordell-Weil theorem,
, where S is any set of places of K(ζ p ) containing all places where C d has bad reduction in addition to a fixed set of places. By [17] , Prop. 3.4, the rank of
consisting of the elements whose valuations at all places outside S L are trivial.) As the roots of
, where the term O K,f,p (1) comes from the size of the class group of L. The number of places of bad reduction of
where O K,f,p (1) stands for the number of prime ideals of K(ζ p ) dividing the discriminant of f . The statement follows.
be a polynomial of degree r ≥ 3 with no repeated roots. Let ǫ ∈ (0, 1). Let d be a non-zero integer between −X and X having a divisor d 0 |d with absolute value |d 0 | ≥ X 1−ǫ . Then the number of integer solutions to
where ω(d) is the number of prime divisors of d, ρ(p) is the number of solutions to f (x) ≡ 0 mod p, c f,r,ǫ depends only on f , r and ǫ, and c r depends only on r.
Proof. Choose a prime
. Let S consist of the archimedean place of Q, and let P be the set of rational prime divisors of d 0 where the curve C : y p = f (x) has good reduction; we denote by S L and P L the sets of places of L lying over S and P, respectively. Denote the point at infinity on C by ∞. Embed C into its Jacobian by means of the map P → (P ) − (∞). Now consider any two distinct solutions (x 0 , y 0 ), (x 1 , y 1 ) to dy p = f (x) with X 1−ǫ ≤ x 0 , x 1 ≤ X and x 0 ≡ x 1 mod d 0 . Then the points P = (d 1/p x 0 , y 0 ), Q = (d 1/p x 1 , y 1 ) on C are integral with respect to S L and (∞). By the functoriality of the local height ( [10] , Thm B.8.1(c)) and the fact that the point at infinity on P 1 lifts back to p · ∞ on C under the map (x, y) → x,
for v ∈ S L , and thus
where q is the rational prime under w. Note that w|q d w = 1 for every q. We apply Prop. 3.1 and obtain 2g P, Q ≤ (1 + ǫ) 2 p (g log X + g log X)
Thus, for X large enough (in terms of f and p), P and Q are separated by an angle of at least π/2 − O p (ǫ) in the Mordell-Weil lattice J(L) endowed with the inner product ·, · induced by the theta divisor. By Lemma 4.1, there can be at most e cǫ(1+oǫ(1))n points in R n separated by angles of at least π/2 − O(ǫ). Since the rank of J(L) is bounded from above by O r (ω(d)) + O f,r,p (1) (Lemma 4.2), it follows that there can be at most c f,r,ǫ e crǫω(d) points placed as P and Q are, viz., satisfying X 1−ǫ ≤ x ≤ X and having x-coordinates congruent to each other modulo d 0 . Since dy p = f (x) implies f (x) ≡ 0 mod d 0 , there are at most p|d 0 ρ(p) congruence classes modulo d 0 into which x may fall.
Fibres on which typical points lie
. This is far from being the end of the story: even if every d were to obey the condition in Prop. 4.3, we would not be done, as the number of fibers d in our range is considerably larger than our desired bound for the total number of points on dq r−1 = f (p).
We will show that, for a typical prime p -that is, for all but a zero proportion of all primes -not only does any d for which dq r−1 = f (p) is solvable satisfy the condition in Prop. 4.3, but, furthermore, any such d must be a rather atypical integer. We can thus eliminate all but a zero proportion of all fibres. Whether this zero proportion is small enough for our purposes depends on whether or not (1.1) holds.
be a polynomial of degree r ≥ 1. Then, for any positive c, A, ǫ, there is a set S ⊂ {1, 2, . . . , N } of primes and a map β :
The implied constants depend only on f , c, A and ǫ.
p≤M,p|f (x) p vp(f (x))−1 , where M will be set later. Then, for any positive integer k such that
where the implied constant depends only on k and r. Set M = e (log N )
be an irreducible non-constant polynomial; let K be its splitting field over Q. Then, for every conjugacy class g in Gal(K/Q) and every ǫ > 0,
holds for all but o f (li(N )) primes p from 1 to N .
Proof. Let ω g ,y (x) be the number of prime divisors p ≤ y of x with Frob p = g . Write G for Gal(K/Q). Then, by Bombieri-Vinogradov and Chebotarev,
where the implied constant is absolute. Since
is O f (1), the statement follows. (If # g = 0, the statement is trivial.)
Lemma 5.3. Let K be a finite Galois extension of Q. For every conjugacy class g in Gal(K/Q), let α g ≥ 0 be given. Then, for every ǫ > 0,
,
, and the implied constants depend only on K/Q and α g .
There is a Dirichlet series L(s), analytic for ℜs ≥ 1 − ǫ 0 , ǫ 0 > 0, such that the following formal equality holds:
, where ′ denotes a sum excluding every integer n having at least one unramified prime divisor p|n satisfying α Frobp = 0. Thus, by a Tauberian theorem (e.g., [16] , Main Thm.), 1
Finally,
where
The following lemma will be useful when the input provided by Lemma 5.2 is not available.
Lemma 5.4. Let K be a finite Galois extension of Q. Let G ′ be a normal subgroup of G = Gal(K/Q). Then, for every ǫ > 0,
where the implied constants depend only on K/Q.
Proof. Same as Lemma 5.3.
Proof of Main Theorem
Proposition 6.1. Let f ∈ Z[x] be a polynomial of degree r ≥ 3 without roots of multiplicity r or (r − 1). If f is irreducible as an element of Q[x], assume that
where G is the Galois group of the splitting field K/Q of f and λ(g) is the number of roots of f (x) = 0 left fixed by a map g ∈ G. Then there is a δ > 0 such that the number of pairs of prime numbers (p, q) with
Proof. Assume first that f is irreducible. By Lemmas 5.1 and 5.2, there is a set S ⊂ {1, 2, . . . , N } of primes such that
for every conjugacy class g in G, 
for d given. Thus the number of elements x ∈ S with x ≥ N 1−ǫ and
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Note that
By Burnside's Lemma, it follows that γ = − 1 #G
. Thanks to (6.1), we arrive at the desired conclusion by choosing ǫ and δ small enough so that both δ and O(ǫ) in (6.2) are smaller than −(1 + γ)/4.
Consider now the case of f reducible. Let f = cf Proof of Main Theorem. Apply Prop. 6.1. There can be at most r⌈N/q r−1 ⌉ integers x from 1 to N such that q r−1 |f (x) for a given prime q > Disc(f ). Thus there are at most O(Q 1 / log N +N/Q r−2 0 ) integers x from 1 to N such that q r−1 |f (x) for some prime q between Q 0 and Q 1 , where Q 0 > Disc f . Set Q 0 = (log N ) 1+ǫ , Q 1 = N (log N ) −δ , where δ is as in Prop. 6.1. There are no more than O(rN/ log N (log log N ) r−2 ) primes p from 1 to N such that q r−1 |f (p) for some prime q with log log N < q ≤ (log N ) 1+ǫ (by SiegelWalfisz, or weaker effective results). Thus, the number of primes p from 1 to N such that q r−1 |f (p) for some prime q ≤ log log N is at most o f (N/ log N ).
The number of primes p from 1 to N such that f (p) is free of factors q 2 with q ≤ log log N asymptotes to
by Eratosthenes-Legendre, where ρ 0 is as in the main theorem. Since the difference between (1.2) and (6.3) is O r (N/ log N (log log N ) r−2 ), we are done.
Abelian Galois groups
Let f ∈ Z[x] be a polynomial of degree r ≥ 3. Suppose that a root of f generates the splitting field K/Q of f . Then the order of G = Gal(K/Q) equals r. Thus
r λ(e) log λ(e) = log r > 1, and (1.1) is satisfied.
Let f be a polynomial whose splitting field is abelian. Then any root of f generates the splitting field of f . We prove as much for completeness.
Lemma 7.1. Let G be an abelian, transitive permutation group on r elements. Then #G = r.
Proof. Suppose there were a non-identity map g ∈ G with at least one fixed point. Let a, b ∈ {1, . . . , r} be such that a is left fixed by G and b is not. Since G is transitive, there is an h ∈ G taking a to b. Then h • g takes a to b, but g • h does not. Thus G cannot be abelian. Contradiction.
There cannot be two different maps g, h ∈ G taking a to b, as then g • h −1 would have a fixed point without being the identity. Hence G has r elements.
As remarked before, there are polynomials f that satisfy (1.1) yet whose splitting fields are not generated by any one of their roots. For any f whose Galois group is the dihedral group D 6 , 1 #G g∈G λ(g) =0 λ(g) log λ(g) = 1 12 (6 log 6 + 2 · 2 log 2) = 1.1269 . . . .
Other applications
The same reasoning as in §4 may be applied to the integers n instead of the primes p. As the purpose is then to improve the bounds in [8] , it is best not to use Lemma 5.2, and to use Lemma 5.4 instead of Lemma 5.3. The rest of the argument is as before, and results in Proposition 8.1. Let f ∈ Z[x] be a polynomial of degree r ≥ 3 without multiple roots. Then the number of integers n from 1 to N such that f (n) is free of (r − 1)-th powers equals ),
Power-free values of polynomials and integer points on irrational curves 13 where G is the Galois group of the splitting field of f , #G is the cardinality of G, λ(g) is the number of roots of f (x) = 0 left fixed by a map g ∈ G, and ρ(p r−1 ) is the number of solutions to f (x) ≡ 0 mod p r−1 in Z/p r−1 .
If deg f = 3, the error term in (8.1) is O(N (log N ) −8/9 ) for G = A 3 and O(N (log N ) −7/9 ) for G = S 3 .
We can also obtain the following analogue of the theorem in [6] . Here it is the number of rational points, not integer points, that must be bounded. The term (1−ǫ) max(|P | 2 , |Q| 2 ) in (3.1) then disappears, yet we still obtain strong bounds, as the size of the twist d is now twice that of x or y. Proposition 8.2. Let f ∈ Z[x] be a polynomial of degree r ≥ 6 without multiple roots. Then the number of integers n from 1 to N such that f (n) is free of ),
where G is the Galois group of the splitting field of f 0 (x) = f (x, 1), #G is the cardinality of G, λ(g) is the number of roots of f 0 (x) = 0 left fixed by a map g ∈ G, and ρ(p α ) is the number of solutions to f (x, y) ≡ 0 mod p α in (Z/p α ) × (Z/p α ).
Finally, note that the general applicability of Prop. 3.1 is somewhat limited by the presence of a term O C,ǫ,d,R,P 0 (1) depending on the curve C. The main obstacle to a uniformization in the style of [9] , Prop 3.4, seems to be a technical one: we would need explicit expressions for local heights at places of bad reduction, and no such expressions seem to be in the literature in the case of higher genus.
